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Abstract
The power graph P(G) of a finite group G is the simple undirected graph whose
vertex set is G, in which two distinct vertices are adjacent if one of them is an integral
power of the other. For an integer n ≥ 2, let Cn denote the cyclic group of order n and
let r be the number of distinct prime divisors of n. The minimum degree δ(P(Cn)) of
P(Cn) is known for r ∈ {1, 2}, see [18]. For r ≥ 3, under certain conditions involving
the prime divisors of n, we identify at most r−1 vertices such that δ(P(Cn)) is equal
to the degree of at least one of these vertices. If r = 3 or if n is a product of distinct
primes, we are able to identify two such vertices without any condition on the prime
divisors of n.
Key words. Power graph, Cyclic group, Minimum degree, Edge connectivity, Euler’s
totient function.
AMS subject classification. 05C25, 05C07, 05C40
1 Introduction
Let Γ be a simple graph with at least two vertices. The edge connectivity κ′(Γ) of Γ is the
minimum number of edges whose deletion from Γ gives a disconnected subgraph of Γ. The
vertex connectivity κ(Γ) of Γ is the minimum number of vertices which need to be removed
from Γ so that the induced subgraph of Γ on the remaining vertices is disconnected or has
only one vertex. The latter case arises only when Γ is a complete graph. The minimum
degree of Γ, denoted by δ(Γ), is the minimum of the degrees of vertices of Γ. The study
of vertex/edge connectivity is an interesting problem in graph theory. It is known that
κ(Γ) ≤ κ′(Γ) ≤ δ(Γ), and κ′(Γ) = δ(Γ) if the diameter of Γ is at most 2, see Theorem 4.1.9
and Exercise 4.1.25 in [19].
1.1 Power graph
The notion of directed power graph of a group was introduced in [11], which was further
extended to semigroups in [13, 12]. Then the undirected power graph of a semigroup, in
particular, of a group was defined in [2]. Many researchers have investigated both directed
and undirected power graphs of groups from different view points. More on these graphs
can be found in the survey paper [1] and the references therein.
Let G be a finite group. The power graph of G, denoted by P(G), is the simple undi-
rected graph with vertex set G, in which two distinct vertices are adjacent if one of them
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can be written as an integral power of the other. Since G is finite, the identity element of
G is adjacent to all other vertices. So P(G) is a connected graph and its diameter is at
most 2.
By [2, Theorem 2.12], P(G) is a complete graph if and only if G is a cyclic group of
prime power order. It is proved in [7, Theorem 1.3] and [8, Corollary 3.4] respectively that,
among all finite groups of a given order, the cyclic group of that order has the maximum
number of edges and has the largest clique in its power graph. By [9, Theorem 5] and [14,
Corollary 2.5], the power graph of a finite group is perfect, in particular, the clique number
and the chromatic number coincide. Explicit formula for the clique number of the power
graph of a finite cyclic group is given in [15, Theorem 2] and [9, Theorem 7]. The full
automorphism group of the power graph of a finite group is described in [10, Theorem 2.2].
For a positive integer n, let Cn denote the finite cyclic group of order n. The vertex
connectivity of P(Cn) is studied in [3, 4, 5, 17] and the exact value of κ(P(Cn)) is obtained
in the following cases: (i) n is a product of distinct primes, (ii) n is divisible by at most
three distinct primes, (iii) n is divisible by the square of its largest prime factor, and (iv)
the smallest prime divisor of n is greater than or equal to the number of distinct prime
divisors of n. The above articles also provide some sharp upper bounds for κ(P(Cn)). It is
proved in [18, Theorem 6.7] that the vertex connectivity and the minimum degree of P(Cn)
coincide if and only if either n is a prime power or n is twice of an odd prime power. For
these values of n, the relation κ(P(Cn)) ≤ κ
′(P(Cn)) ≤ δ(P(Cn)) implies that the vertex
connectivity and the edge connectivity of P(Cn) are equal. Since the diameter of P(Cn)
is at most 2, the edge connectivity and the minimum degree of P(Cn) coincide for every
n. Thus, in order to determine the edge connectivity of P(Cn), it is enough to find the
minimum degree of P(Cn).
1.2 Minimum degree of P(Cn)
Throughout the paper, we shall identify Cn with Zn = {0, 1, 2, . . . , n − 1}, the group of
integers modulo n. The degree of a vertex a ∈ Cn is denoted by deg(a). By [16, Lemma
3.4] (also see [7, Lemma 2.7]), we have the following formula for deg(a):
deg(a) =
n
b
+
∑
d|b, d6=b
φ
(n
d
)
− 1 =
n
b
+
∑
d|b
φ
(n
d
)
− φ
(n
b
)
− 1, (1)
where φ is the Euler’s totient function and b is the greatest common divisor of a and n. If
a = 0 or a is a generator of Cn, then deg(a) = n− 1.
To determine δ(P(Cn)), our objective will be to identify a vertex of P(Cn) having
minimum degree and then the degree of that vertex can be calculated using (1). The
formula (1) implies that deg(a) = deg(b). Thus the degree of a given non-zero vertex of
P(Cn) is equal to the degree of some element of Cn which is a divisor of n. Therefore, in
order to identify a vertex of P(Cn) of minimum degree, we need to compare the degrees of
all possible vertices which are divisors of n.
If n is a prime power, then P(Cn) is a complete graph and so δ(P(Cn)) = n−1 = deg(a)
for every vertex a ∈ Cn. If n > 1 is not a prime power, then P(Cn) is not a complete graph
and so δ(P(Cn)) < n− 1. Hence the minimum degree of P(Cn) will be equal to the degree
of a vertex which is a proper1 divisor of n. For certain values of n, a vertex of P(Cn) of
minimum degree was obtained in [18, Theorem 4.6] which we mention below.
1A positive integer a is called a proper divisor of n if a divides n and a /∈ {1, n}.
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Proposition 1.1. [18] Let p1, p2, p3, p4 be prime numbers with p1 < p2 < p3 < p4. Then
the following hold:
(i) If n = pα11 p
α2
2 for some positive integers α1, α2, then δ(P(Cn)) = deg (p
α2
2 ).
(ii) If n = p1p2p3, then δ(P(Cn)) = deg(p3).
(iii) Let n = p1p2p3p4. If n is odd or p4 ≥ p3 +
2(p3 − 1)
p2 − 1
, then δ(P(Cn)) = deg(p4),
otherwise, δ(P(Cn)) = deg(p3p4).
In this paper, we generalize the results stated in Proposition 1.1 to several other values
of n. In view of Proposition 1.1(i), if necessary, we may assume that n is divisible by at
least three distinct prime numbers.
The following theorem is proved in Section 3 for the minimum degree of P(Cn) when n
is a product of distinct prime numbers.
Theorem 1.2. Let n = p1p2 · · · pr, where r ≥ 3 and p1, p2, . . . , pr are prime numbers with
p1 < p2 < · · · < pr. Then
δ(P(Cn)) = min{deg(pr−1pr), deg(pr)}.
Further, δ(P(Cn)) = deg(pr) if and only if φ(pr) ≥
(
p1p2 · · · pr−2
φ(p1p2 · · · pr−2)
− 1
)
φ(pr−1). In
particular, if φ(pr) ≥ (r − 2)φ(pr−1), then δ(P(Cn)) = deg(pr).
For general n, under certain conditions involving its prime divisors, the following theo-
rem is proved in Section 4 on the minimum degree of P(Cn).
Theorem 1.3. Let n = pα11 p
α2
2 · · ·p
αr
r , where r ≥ 2, α1, α2, . . . , αr are positive integers and
p1, p2, . . . , pr are prime numbers with p1 < p2 < · · · < pr. Suppose that any of the following
two conditions holds:
(i) 2φ(p1p2 · · · pr) ≥ p1p2 · · · pr,
(ii) φ(pi+1) ≥ rφ(pi) for each i ∈ {1, 2, . . . , r − 1}.
If t ∈ {2, 3, . . . , r} is the largest integer such that αt ≥ αj for 2 ≤ j ≤ r, then
δ(P(Cn)) = min{deg (p
αs
s ) : t ≤ s ≤ r}.
As an application of Theorem 1.3, we prove the following corollary in Section 4 which
can be used to determine δ(P(Cn)) for many values of n.
Corollary 1.4. Let n = pα11 p
α2
2 · · · p
αr
r , where r ≥ 2, α1, α2, . . . , αr are positive integers and
p1 < p2 < · · · < pr are prime numbers. Suppose that any of the following two conditions
holds:
(i) p1 ≥ r + 1 and pr > rpr−1,
(ii) pi+1 > rpi for each i ∈ {1, 2, . . . , r − 1}.
Then δ(P(Cn)) = deg(p
αr
r ).
For r = 3, the following theorem is proved in Section 5 which shows that the conclusion
of Theorem 1.3 holds good without any condition involving the prime divisors of n.
Theorem 1.5. Let n = pα11 p
α2
2 p
α3
3 , where α1, α2, α3 are positive integers and p1, p2, p3 are
prime numbers with p1 < p2 < p3. Then
δ(P(Cn)) = min{deg (p
α2
2 ) , deg (p
α3
3 )}.
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1.3 Remark
We remark that Proposition 1.1 can be obtained from Theorems 1.2 and 1.3.
• If r = 3 and n = p1p2p3, then φ(pr) = φ(p3) > φ(p2) = (r− 2)φ(pr−1) and so Proposition
1.1(ii) follows from the last part of Theorem 1.2.
• Suppose that r = 4 and n = p1p2p3p4. If n is odd, then p1 ≥ 3 and so 2φ(p1p2) > p1p2 by
Lemma 2.1(ii). Then φ(p4) > φ(p3) >
(
p1p2
φ(p1p2)
− 1
)
φ(p3). If n is even, then p1 = 2 and
so 1+
(
p1p2
φ(p1p2)
− 1
)
φ(p3) = p3+
2(p3 − 1)
p2 − 1
. In this case, p4 ≥ 1+
(
p1p2
φ(p1p2)
− 1
)
φ(p3)
if and only if p4 ≥ p3+
2(p3 − 1)
p2 − 1
. Then it follows that Proposition 1.1(iii) can be obtained
from Theorem 1.2.
• Finally, suppose that n = pα11 p
α2
2 . If p1 ≥ 3, then 2φ(p1p2) > p1p2 by Lemma 2.1(ii). If
p1 = 2, then φ(p2) ≥ 2 = 2φ(p1). Thus condition (i) or (ii) of Theorem 1.3 is satisfied
and hence Proposition 1.1(i) follows from Theorem 1.3.
2 Preliminaries
Recall that φ is a multiplicative function, that is, φ(ab) = φ(a)φ(b) for any two positive
integers a, b which are relatively primes. We have φ(pk) = pk−1φ(p) for any prime number
p and positive integer k. Also, ∑
d|m
φ(d) = m (2)
for every positive integer m. We need the following two inequalities: the first one can be
found in [6, Lemma 3.1] and the second one was proved in [4] while proving Corollary 1.4.
Lemma 2.1. [4, 6] Let p1 < p2 < · · · < pt be prime numbers. Then the following hold:
(i) (t + 1)φ(p1p2 · · · pt) ≥ p1p2 · · · pt, with equality if and only if (t, p1) = (1, 2) or
(t, p1, p2) = (2, 2, 3).
(ii) If p1 ≥ t + 1, then 2φ(p1p2 · · · pt) ≥ p1p2 · · · pt, with equality if and only if t = 1 and
p1 = 2.
Certain inequalities involving degree of vertices of P(Cn) were proved in [18, Proposition
4.5]. From the proof of these inequalities, it can be seen that those inequalities are in fact
strict and we have stated them accordingly in the following proposition.
Proposition 2.2. [18] Let n = pα11 p
α2
2 · · · p
αr
r , where r ≥ 2, α1, α2, . . . , αr are positive
integers and p1, p2, . . . , pr are prime numbers with p1 < p2 < · · · < pr. Then the following
strict inequalities hold in P(Cn) :
(i) deg (pα11 ) > deg (p
αr
r ).
(ii) deg (pγi ) > deg
(
p
β
i
)
for 1 ≤ i ≤ r and 1 ≤ γ < β ≤ αi.
(iii) deg
(
p
β
i
)
> deg
(
p
β
j
)
for 1 ≤ i < j ≤ r and 1 ≤ β ≤ min{αi, αj}.
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(iv) deg
(
p
β1
1 p
β2
2 · · · p
βr
r
)
> deg
(
p
β2
2 · · · p
βr
r
)
, where 1 ≤ βi ≤ αi for each i ∈ {1, 2, . . . , r}.
We need the strict inequality (3) stated in the following lemma while proving Corollaries
1.4 and 5.3.
Lemma 2.3. Let n = pα11 p
α2
2 · · · p
αr
r , where r ≥ 2, α1, α2, . . . , αr are positive integers and
p1, p2, . . . , pr are prime numbers with p1 < p2 < · · · < pr. For i ∈ {1, 2, . . . , r − 1}, the
following strict inequality holds in P(Cn) :
deg (pαii )− deg (p
αr
r ) > p
αi−1
i
[
(pr − 1)φ
(
n
pαii p
αr
r
)
−
n
pαi−1i p
αr
r
]
. (3)
Proof. This follows from the proof of [18, Proposition 4.5(i)], in which we replace the
subscript 1 by i and take m =
n
pαii p
αr
r
. We note that the first inequality in the proof of [18,
Proposition 4.5(i)] is strict.
Lemma 2.4. Let n = p1p2 · · · pr, where p1, p2, . . . , pr are prime distinct numbers and let
a, b be two distinct proper divisors of n such that
a
b
=
pk
pl
for some k, l ∈ {1, 2, . . . , r}. If
a < b, then deg(a) > deg(b).
Proof. Note that both a and b have the same number of prime divisors, say s. Since a < b,
we have pk < pl and 1 ≤ s ≤ r − 1. The lemma follows from Proposition 2.2(iii) if s = 1.
Assume that s ≥ 2. We have∑
d|a, d<a
φ
(n
d
)
−
∑
d|b, d<b
φ
(n
d
)
=
∑
d|a, d<a, pk|d
φ
(n
d
)
−
∑
d|b, d<b, pl|d
φ
(n
d
)
=
∑
u| a
pk
, u< a
pk
φ
(
n
upk
)
−
∑
v| b
pl
, v< b
pl
φ
(
n
vpl
)
=
∑
u| a
pk
, u< a
pk
[
φ
(
n
upk
)
− φ
(
n
upl
)]
= [φ(pl)− φ(pk)]

 ∑
u| a
pk
, u< a
pk
φ
(
n
upkpl
) .
The second last equality in the above holds as
a
pk
=
b
pl
. Using the formula (1), we then get
deg(a)− deg(b) =
n
a
−
n
b
+
∑
d|a, d<a
φ
(n
d
)
−
∑
d|b, d<b
φ
(n
d
)
>
∑
d|a, d<a
φ
(n
d
)
−
∑
d|b, d<b
φ
(n
d
)
= [φ(pl)− φ(pk)]

 ∑
u| a
pk
, u< a
pk
φ
(
n
upkpl
) .
Since pl > pk, we have φ(pl) − φ(pk) > 0 and it follows from the above that deg(a) >
deg(b).
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Lemma 2.5. Let x = pα11 p
α2
2 · · · p
αr
r , where α1, α2, . . . , αr are positive integers and p1, p2, . . . , pr
are prime numbers. If y = pβ11 p
β2
2 · · · p
βr
r , where 0 ≤ βi ≤ αi for 1 ≤ i ≤ r, then
∑
d|y
φ
(x
d
)
=

 ∏
1≤i≤r
αi=βi
pαii



 ∏
1≤i≤r
αi>βi
(
pαii − p
αi−βi−1
i
) .
Proof. If αi = βi for all i ∈ {1, 2, . . . , r}, then y = x and the result follows from the fact
that
∑
d|x
φ
(x
d
)
=
∑
d|x
φ (d) = x. So assume that βi < αi for at least one i ∈ {1, 2, . . . , r}.
For each j ∈ {1, 2, . . . , r}, observe that
∑
0≤γj≤βj
φ
(
p
αj−γj
j
)
= p
αj
j or p
αj
j − p
αj−βj−1
j (4)
according as αj = βj or αj > βj. We have
∑
d|y
φ
(x
d
)
=
∑
1≤j≤r
0≤γj≤βj
φ
(
p
α1−γ1
1 p
α2−γ2
2 · · · p
αr−γr
r
)
=
∏
1≤j≤r

 ∑
0≤γj≤βj
φ
(
p
αj−γj
j
) ,
and consequently the lemma follows using (4).
3 Proof of Theorem 1.2
In this section, we take n = p1p2 · · · pr, where r ≥ 3 and p1, p2, . . . , pr are prime numbers
with p1 < p2 < · · · < pr.
Lemma 3.1. δ(P(Cn)) = min{deg(psps+1 · · · pr) : 2 ≤ s ≤ r}.
Proof. Let {k1, k2, . . . , kt} be a proper subset of {1, 2, · · · , r} with k1 < k2 < · · · < kt.
Applying Lemma 2.4 repeatedly, we get
deg(pk1 · · ·pkt−1pkt) ≥ deg(pk1 · · · pkt−1pr) ≥ · · · ≥ deg(pr−t+1 · · · pr−1pr).
Since δ (P(Cn)) is equal to the degree of a vertex which is a proper divisor of n, it follows
from the above that δ(P(Cn)) = min{deg(psps+1 · · ·pr) : 2 ≤ s ≤ r}.
Lemma 3.2. Let 3 ≤ s ≤ r. Then deg(ps−1ps · · · pr) ≥ deg(psps+1 · · · pr) if and only if
psps+1 · · · pr ≥
(
p1p2 · · · ps−2
φ(p1p2 · · · ps−2)
− 1
)
φ(ps−1) + 1. (5)
Further, deg(ps−1ps · · · pr) = deg(psps+1 · · · pr) if and only if equality holds in (5).
Proof. We have
n
ps−1ps · · ·pr
−
n
psps+1 · · · pr
= −p1p2 · · · ps−2φ(ps−1). Using (2), an easy
calculation gives that∑
d|(ps−1ps···pr)
φ
(n
d
)
−
∑
d|(psps+1···pr)
φ
(n
d
)
= φ(p1p2 · · · ps−2)psps+1 · · ·pr.
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We also have
φ
(
n
psps+1 · · · pr
)
− φ
(
n
ps−1ps · · · pr
)
= φ(p1p2 · · · ps−2)(φ(ps−1)− 1).
Then, using the degree formula (1), it follows that
deg(ps−1ps · · · pr)− deg(ps · · · pr)
= −p1p2 · · · ps−2φ(ps−1) + φ(p1p2 · · · ps−2)psps+1 · · · pr + φ(p1p2 · · · ps−2)(φ(ps−1)− 1)
= φ(p1p2 · · ·ps−2)psps+1 · · ·pr − [p1p2 · · ·ps−2 − φ(p1p2 · · · ps−2)]φ(ps−1)− φ(p1p2 · · · ps−2).
Now it can be seen that deg(ps−1ps · · · pr) ≥ deg(psps+1 · · · pr) if and only if inequality (5)
holds. Also, deg(ps−1ps · · · pr) = deg(psps+1 · · · pr) if and only if equality holds in (5).
Lemma 3.3. Let 3 ≤ s ≤ r. If deg(ps−1ps · · · pr) ≥ deg(psps+1 · · ·pr), then
deg(ps−2ps−1 · · · pr) > deg(ps−1ps · · · pr).
Proof. If s = 3, then deg(p1p2 · · · pr) = deg(n) = deg(0) = n−1 >
nφ(p1)
p1
= deg(p2p3 · · · pr)
and the lemma follows. Assume that 4 ≤ s ≤ r. Observe that the inequality (5) in the
statement of Lemma 3.2 is equivalent to the following inequality:
φ(p1p2 · · · ps−2)(psps+1 · · ·pr − 1) ≥ φ(ps−1) [p1p2 · · · ps−2 − φ(p1p2 · · · ps−2)] . (6)
Since deg(ps−1ps · · · pr) ≥ deg(psps+1 · · ·pr) by the given hypothesis, Lemma 3.2 then
implies that the inequality (6) holds. We need to show that
deg(ps−2ps−1 · · · pr) > deg(ps−1ps · · · pr).
By Lemma 3.2 again, it is enough to show that
φ(p1p2 · · ·ps−3)(ps−1ps · · · pr − 1) > φ(ps−2) [p1p2 · · · ps−3 − φ(p1p2 · · · ps−3)] . (7)
Since φ(ps−2) < ps−1, we have
φ(p1p2 · · · ps−2)(psps+1 · · · pr − 1) < φ(p1p2 · · · ps−3)ps−1(psps+1 · · ·pr − 1)
< φ(p1p2 · · · ps−3)(ps−1ps · · ·pr − 1). (8)
Moreover,
φ(ps−1) [p1p2 · · ·ps−2 − φ(p1p2 · · · ps−2)] > p1p2 · · ·ps−3ps−2 − φ(p1p2 · · · ps−2)
= p1p2 · · ·ps−3 [φ(ps−2) + 1]− φ(p1p2 · · · ps−2)
> φ(ps−2) [p1p2 · · · ps−3 − φ(p1p2 · · · ps−3)] . (9)
Now (7) follows from the inequalities (6), (8) and (9).
Proof of Theorem 1.2. If r = 3, then δ(P(Cn)) = min{deg(p2p3), deg(p3)} by Lemma
3.1. Assume that r ≥ 4. By Lemma 2.1(i), we have (r − 2)φ(p1p2 · · · pr−3) ≥ p1p2 · · · pr−3,
and this gives
r − 3 ≥
p1p2 · · · pr−3
φ(p1p2 · · · pr−3)
− 1.
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Then
pr−1pr > (r − 2)φ(pr−2) ≥ (r − 3)φ(pr−2) + 1 ≥
(
p1p2 · · · pr−3
φ(p1p2 · · · pr−3)
− 1
)
φ(pr−2) + 1.
So inequality (5) is satisfied with s = r − 1 and hence deg(pr−2pr−1pr) > deg(pr−1pr) by
Lemma 3.2. Then, using Lemma 3.3 repeatedly, we have
deg(p2p3 · · · pr) > deg(p3p4 · · · pr) > · · · > deg(pr−2pr−1pr) > deg(pr−1pr).
Therefore, by Lemma 3.1, we get
δ(P(Cn)) = min{deg(pr−1pr), deg(pr)}.
By Lemma 3.2, δ(P(Cn)) = deg(pr) if and only if φ(pr) ≥
(
p1p2 · · · pr−2
φ(p1p2 · · · pr−2)
− 1
)
φ(pr−1).
Now suppose that φ(pr) ≥ (r − 2)φ(pr−1). Since (r − 1)φ(p1p2 · · · pr−2) ≥ p1p2 · · · pr−2
by Lemma 2.1(i), we have
r − 2 ≥
p1p2 · · · pr−2
φ(p1p2 · · · pr−2)
− 1.
Therefore,
pr ≥ (r − 2)φ(pr−1) + 1 ≥
(
p1p2 . . . pr−2
φ(p1p2 . . . pr−2)
− 1
)
φ(pr−1) + 1.
Then deg(pr−1pr) ≥ deg(pr) by Lemma 3.2 and hence δ(P(Cn)) = deg(pr). This completes
the proof of Theorem 1.2.
Example 3.4. The following examples shows that all possibilities can occur in Theorem
1.2 for the minimum degree of P(Cn).
(i) If n = 2 · 13 · 17 · 19, then δ(P(Cn)) = deg(17 · 19) < deg(19).
(ii) If n = 2 · 13 · 17 · 23, then δ(P(Cn)) = deg(23) < deg(17 · 23).
(iii) If n = 2 · 5 · 13 · 19, then δ(P(Cn)) = deg(13 · 19) = deg(19).
Note that if n = 2 · 3 · p3 · p4 with p4 = 2p3 − 1, then deg(p3p4) = deg(p4).
4 Proof of Thereom 1.3 and Corolary 1.4
In this section, we take n = pα11 p
α2
2 · · · p
αr
r , where r ≥ 2, α1, α2, . . . , αr are positive integers
and p1, p2, . . . , pr are prime numbers with p1 < p2 < · · · < pr.
Proposition 4.1. Let m = p
βk1
k1
p
βk2
k2
· · ·p
βks
ks
, where 2 ≤ s ≤ r, k1 < k2 < · · · < ks and
1 ≤ βki ≤ αki for 1 ≤ i ≤ s. Suppose that one of the following two conditions holds:
(i) 2φ(p1p2 · · · pr) ≥ p1p2 · · · pr,
(ii) φ(pj+1) ≥ rφ(pj) for each j ∈ {1, 2, . . . , r − 1}.
Then deg(m) > deg
(
m
pki
)
for i ∈ {1, 2, . . . , s− 1} in P(Cn).
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Proof. Fix i ∈ {1, 2, . . . , s− 1}. Using the degree formula (1), we have
ξ := deg(m)− deg
(
m
pki
)
=
n
m
−
npki
m
+ θ = θ −
n
m
φ(pki),
where
θ :=
∑
d|m
φ
(n
d
)
−
∑
d
∣∣ m
pki
φ
(n
d
)
+ φ
(npki
m
)
− φ
( n
m
)
.
First calculate
∑
d|m φ
(
n
d
)
−
∑
d
∣∣ m
pki
φ
(
n
d
)
. Define n′ :=
n
p
αk1
k1
p
αk2
k2
· · · p
αks
ks
× p
αki−βki
ki
. Then
∑
d|m
φ
(n
d
)
−
∑
d
∣∣ m
pki
φ
(n
d
)
=
∑
d
∣∣ m
p
βki
ki
φ
(
n
dp
βki
ki
)
= φ (n′)×


∑
d
∣∣ m
p
βki
ki
φ
(
p
αk1
k1
p
αk2
k2
· · · p
αks
ks
dp
αki
ki
)

 .
Taking x =
p
αk1
k1
p
αk2
k2
· · ·p
αks
ks
p
αki
ki
and y =
p
βk1
k1
p
βk2
k2
· · · p
βks
ks
p
βki
ki
=
m
p
βki
ki
in Lemma 2.5, we get
∑
d|m
φ
(n
d
)
−
∑
d
∣∣ m
pki
φ
(n
d
)
= φ (n′)


s∏
j=1
j 6=i
αkj=βkj
p
αkj
kj




s∏
j=1
j 6=i
αkj>βkj
(
p
αkj
kj
− p
αkj−βkj−1
kj
)


= φ (n′)


s∏
j=1
j 6=i
αkj=βkj
p
αkj
kj




s∏
j=1
j 6=i
αkj>βkj
p
αkj−βkj−1
kj
(
p
βkj+1
kj
− 1
)

 . (10)
Next calculate φ
(npki
m
)
− φ
( n
m
)
. We have
φ
(npki
m
)
− φ
( n
m
)
= φ
(
n
p
αk1
k1
· · · p
αks
ks
)
φ
(
p
αk1−βk1
k1
· · · p
αks−βks
ks
p
αki−βki
ki
)
×
[
φ
(
p
αki−βki+1
ki
)
− φ
(
p
αki−βki
ki
)]
≥ φ
(
n
p
αk1
k1
· · · p
αks
ks
)
φ
(
p
αk1−βk1
k1
· · · p
αks−βks
ks
p
αki−βki
ki
)
φ
(
p
αki−βki
ki
)
(pki − 2)
= φ (n′)φ
(
p
αk1−βk1
k1
· · ·p
αks−βks
ks
p
αki−βki
ki
)
(pki − 2)
= φ (n′)


s∏
j=1
j 6=i
αkj>βkj
p
αkj−βkj−1
kj
φ
(
pkj
)

 (pki − 2) , (11)
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where equality in the above holds if and only if αki = βki. Using (10) and (11), we get
θ ≥ φ (n′)


s∏
j=1
j 6=i
αkj>βkj
p
αkj−βkj−1
kj


×




s∏
j=1
j 6=i
αkj=βkj
p
αkj
kj




s∏
j=1
j 6=i
αkj>βkj
(
p
βkj+1
kj
− 1
)

 +


s∏
j=1
j 6=i
αkj>βkj
φ
(
pkj
)

 (pki − 2)

 (12)
= φ (n′)


s∏
j=1
j 6=i
αkj>βkj
p
αkj−βkj−1
kj

×


s∏
j=1
j 6=i
αkj>βkj
φ
(
pkj
)


×




s∏
j=1
j 6=i
αkj=βkj
p
αkj
kj




s∏
j=1
j 6=i
αkj>βkj
(
p
βkj
kj
+ · · ·+ pkj + 1
)

 + (pki − 2)


= φ (n′)


s∏
j=1
j 6=i
αkj>βkj
φ
(
p
αkj−βkj
kj
)


×




s∏
j=1
j 6=i
αkj=βkj
p
αkj
kj




s∏
j=1
j 6=i
αkj>βkj
(
p
βkj
kj
+ · · ·+ pkj + 1
)

 + φ(pki)− 1


≥ φ (n′)


s∏
j=1
j 6=i
αkj>βkj
φ
(
p
αkj−βkj
kj
)

× [φ (pks) + φ (pki)]
≥
1
m
×
[
pα1−11 p
α2−1
2 · · · p
αr−1
r φ(p1p2 · · · pr)× [φ (pks) + φ (pki)]
]
. (13)
Note that equality holds in (12) if and only if αki = βki, which follows from (11). It can be
seen that equality holds in (13) if and only if αkj > βkj for all j ∈ {1, 2, . . . , s}. Combining
these two facts, we thus have
θ >
1
m
×
[
pα1−11 p
α2−1
2 · · ·p
αr−1
r φ(p1p2 · · ·pr)× [φ (pks) + φ (pki)]
]
.
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Finally, we get
ξ >
1
m
[
pα1−11 · · ·p
αr−1
r φ(p1p2 · · ·pr)× [φ (pks) + φ (pki)]
]
−
n
m
φ(pki)
=
pα1−11 · · · p
αr−1
r
m
[[φ (pks) + φ (pki)]φ(p1p2 . . . pr)− φ (pki) p1p2 · · · pr] . (14)
Since ks > ki, we have pks > pki . So φ (pks) > φ (pki) and hence φ (pks) + φ (pki) > 2φ (pki).
If 2φ(p1p2 · · · pr) ≥ p1p2 · · · pr, then it follows from (14) that deg(m) − deg
(
m
pki
)
> 0. If
φ(pj+1) ≥ rφ(pj) for each j ∈ {1, 2, . . . , r − 1}, then φ(pks) ≥ rφ(pki) and so φ (pks) +
φ (pki) ≥ (r + 1)φ (pki). Using Lemma 2.1(i), it again follows from (14) that deg(m) −
deg
(
m
pki
)
> 0. This completes the proof.
Proof of Theorem 1.3. Letm be a proper divisor of n. We can writem = p
βk1
k1
p
βk2
k2
· · ·p
βks
ks
for some s ∈ {1, 2, . . . , r}, where k1 < k2 < · · · < ks and 1 ≤ βki ≤ αki for 1 ≤ i ≤ s. If
s = 1, then deg(m) = deg
(
p
βk1
k1
)
≥ deg
(
p
αk1
k1
)
by Proposition 2.2(ii). So assume that s ≥ 2.
Then applying Proposition 4.1 repeatedly, we find that deg(m) > deg
(
p
βks
ks
)
≥ deg
(
p
αks
ks
)
.
Here the last inequality holds again by Proposition 2.2(ii). Thus
δ(P(Cn)) = min{deg (p
αi
i ) : 1 ≤ i ≤ r}.
By Proposition 2.2(i), we have deg (pα11 ) > deg (p
αr
r ). Let t ∈ {2, 3, . . . , r} be the largest
integer such that αt ≥ αj for 2 ≤ j ≤ r. Then, by Proposition 2.2(ii) and (iii), we have
deg
(
p
αj
j
)
> deg (pαtt ) for 2 ≤ j ≤ t− 1 (if t ≥ 3). It now follows that
δ(P(Cn)) = min{deg (p
αs
s ) : t ≤ s ≤ r}.
This completes the proof.
Example 4.2. Let n = 2 · 3 · 5 · 11. Then the minimum degree of P(Cn) is equal to deg(11)
by Theorem 1.2, but none of the two conditions mentioned in Theorem 1.3 is satisfied. Thus
each of the two conditions stipulated in Theorem 1.3 is sufficient but not necessary.
Example 4.3. Let n = 22 ·7 ·11 ·13. By Proposition 2.2(iii), we have deg(13) < deg(11) <
deg(7). Using the degree formula (1), it can be seen that deg(11 ·13) < deg(13). This shows
that if none of the two conditions stated in Theorem 1.3 is satisfied, then the minimum of
degree of P(Cn) may not be equal to the degree of p
αi
i for any i ∈ {2, 3, . . . , r}.
Proof of Corollary 1.4. If p1 ≥ r+1, then 2φ(p1p2 · · ·pr) ≥ p1p2 · · ·pr by Lemma 2.1(ii).
If pi+1 > rpi for each i ∈ {1, 2, . . . , r−1}, then φ(pi+1) = pi+1−1 > rpi−1 > rpi−r = rφ(pi)
for 1 ≤ i ≤ r−1. So, by Theorem 1.3, the minimum degree of P(Cn) is equal to deg (p
αi
i ) for
some i ∈ {2, 3, . . . , r} and the result follows for r = 2. Assume that r ≥ 3. For 2 ≤ i < r,
let m =
n
pαii p
αr
r
. By Lemma 2.1(ii), φ
(
p1p2 · · · pr
pi
)
≥
p1p2 · · ·pr
rpi
and so
pαi−1i [(pr − 1)φ(m)− pim] = p
α1−1
1 · · · p
αr−1−1
r−1
[
φ
(
p1p2 · · ·pr
pi
)
− p1p2 · · · pr−1
]
≥ pα1−11 · · ·p
αr−1−1
r−1
[
p1p2 · · ·pr
rpi
− p1p2 · · · pr−1
]
=
pα11 · · · p
αr−1
r−1
rpi
(pr − rpi). (15)
From the given conditions in both cases, we have pr > rpr−1 ≥ rpi and then the result
follows from (3) and (15).
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5 Proof of Theorem 1.5
In this section, take n = pα11 p
α2
2 p
α3
3 , where α1, α2, α3 are positive integers and p1, p2, p3 are
prime numbers with p1 < p2 < p3.
Lemma 5.1. Let i, j ∈ {1, 2, 3} with i < j. If 1 ≤ βi ≤ αi, then deg
(
p
βi
i p
βj
j
)
>
deg
(
p
βi−1
i p
βj
j
)
for βj ≥ 2.
Proof. Using the degree formula (1), we have
deg
(
p
βi
i p
βj
j
)
− deg
(
p
βi−1
i p
βj
j
)
=
n
p
βi
i p
βj
j
−
n
p
βi−1
i p
βj
j
+
∑
d
∣∣pβi
i
p
βj
j
φ
(n
d
)
−
∑
d
∣∣pβi−1
i
p
βj
j
φ
(n
d
)
+ φ
(
n
p
βi−1
i p
βj
j
)
− φ
(
n
p
βi
i p
βj
j
)
.
Let {k} = {1, 2, 3} \ {i, j}. Then
n
p
βi
i p
βj
j
−
n
p
βi−1
i p
βj
j
= −pαi−βii p
αj−βj
j p
αk
k φ(pi) (16)
and ∑
d
∣∣pβii pβjj
φ
(n
d
)
−
∑
d
∣∣pβi−1i pβjj
φ
(n
d
)
≥ φ
(
p
αi−βi
i p
αk
k
)(
p
αj
j − p
αj−βj−1
j
)
, (17)
where equality holds if and only if αj > βj. We also have
φ
(
n
p
βi−1
i p
βj
j
)
− φ
(
n
p
βi
i p
βj
j
)
≥ φ
(
p
αi−βi
i p
αk
k
)
φ
(
p
αj−βj
j
)
(φ(pi)− 1), (18)
where equality holds if and only if αi = βi. From (16), (17) and (18), we get
deg
(
p
βi
i p
βj
j
)
− deg
(
p
βi−1
i p
βj
j
)
≥ φ
(
p
αi−βi
i p
αk
k
) [(
p
αj
j − p
αj−βj−1
j
)
+ φ
(
p
αj−βj
j
)
(φ(pi)− 1)
]
− pαi−βii p
αj−βj
j p
αk
k φ(pi)
≥ pαi−βi−1i p
αj−βj−1
j p
αk−1
k
[
φ (pipk)
[(
p
βj+1
j − 1
)
+ φ (pj) (φ(pi)− 1)
]
− pipjpkφ(pi)
]
= pαi−βi−1i p
αj−βj−1
j p
αk−1
k
[
φ (pipjpk)
(
p
βj
j + . . .+ pj + φ(pi)
)
− pipjpkφ(pi)
]
= pαi−βi−1i p
αj−βj−1
j p
αk−1
k φ(pi)
[
φ (pjpk)
(
p
βj
j + . . .+ pj + φ(pi)
)
− pipjpk
]
.
Since βj ≥ 2 and j > i by the given hypotheses, we have p
βj
j + · · · + pj + φ(pi) > 3pi.
So φ (pjpk)
(
p
βj
j + . . .+ pj + φ(pi)
)
− pipjpk > 3piφ (pjpk) − pipjpk ≥ 0, where the last
inequality follows using Lemma 2.1(i). Hence the lemma follows.
Lemma 5.2. Let {i, j, k} = {1, 2, 3} with i < j. If (pi + pj)φ (pjpk) − pipjpk > 0, then
deg
(
p
βi
i pj
)
> deg (pj) for 1 ≤ βi ≤ αi.
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Proof. Using the degree formula (1), we get
deg
(
p
βi
i pj
)
− deg (pj) =
n
p
βi
i pj
−
n
pj
+
∑
d|p
βi
i pj
φ
(n
d
)
−
∑
d|pj
φ
(n
d
)
+ φ
(
n
pj
)
− φ
(
n
p
βi
i pj
)
.
We have
n
p
βi
i pj
−
n
pj
= −p
αj−1
j p
αk
k
(
pαii − p
αi−βi
i
)
(19)
and
∑
d|p
βi
i pj
φ
(n
d
)
−
∑
d|pj
φ
(n
d
)
= φ (pαkk )
(
βi∑
l=1
φ
(
pαi−li
))( 1∑
l=0
φ
(
p
αj−l
j
))
≥ φ (pαkk )
(
βi∑
l=1
φ
(
pαi−li
))(
p
αj
j − p
αj−2
j
)
, (20)
where equality holds if and only if αj > 1. We also have
φ
(
n
pj
)
− φ
(
n
p
βi
i pj
)
= φ
(
p
αj−1
j p
αk
k
)(
φ (pαii )− φ
(
p
αi−βi
i
))
. (21)
From (19), (20) and (21), we get
deg
(
p
βi
i pj
)
− deg (pj) ≥ φ (p
αk
k )
(
βi∑
l=1
φ
(
pαi−li
))(
p
αj
j − p
αj−2
j
)
+ φ
(
p
αj−1
j p
αk
k
)(
φ (pαii )− φ
(
p
αi−βi
i
))
− p
αj−1
j p
αk
k
(
pαii − p
αi−βi
i
)
≥ p
αj−2
j p
αk−1
k
[ (
p2j − 1
)
φ (pk)
(
βi∑
l=1
φ
(
pαi−li
))
+ φ (pjpk)
(
φ (pαii )− φ
(
p
αi−βi
i
))
− pjpk
(
pαii − p
αi−βi
i
)]
= p
αj−2
j p
αk−1
k
[
φ (pjpk)
[
(pj + 1)
(
βi∑
l=1
φ
(
pαi−li
))
+ φ (pαii )− φ
(
p
αi−βi
i
)]
− pjpk
(
pαii − p
αi−βi
i
)]
≥ p
αj−2
j p
αk−1
k
[
φ (pjpk)
[
pj
(
pαi−1i − p
αi−βi−1
i
)
+ pαii − p
αi−βi
i
]
− pjpk
(
pαii − p
αi−βi
i
)]
= p
αj−2
j p
αk−1
k
(
pαi−1i − p
αi−βi−1
i
)
[(pi + pj)φ (pjpk)− pipjpk] .
Since (pi+pj)φ (pjpk)−pipjpk > 0, it follows from the above that deg
(
p
βi
i pj
)
> deg (pj).
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Proof of Theorem 1.5. If p1 ≥ 4, then 2φ(p1p2p3) ≥ p1p2p3 by Lemma 2.1(ii). So
δ(P(Cn)) = min{deg (p
α2
2 ) , deg (p
α3
3 )} by Theorem 1.3. Now assume that p1 = 2 or 3.
In view of Proposition 2.2(i), (ii) and (iv), the minimum degree of P(Cn) can be attained
at the vertex pα22 or p
α3
3 , or at a vertex of the form p
βi
i p
βj
j for some i, j ∈ {1, 2, 3} with i < j,
where 1 ≤ βi ≤ αi and 1 ≤ βj ≤ αj .
Consider the vertices of the form pβii p
βj
j with i < j. We show that deg
(
p
βi
i p
βj
j
)
>
deg
(
p
βj
j
)
. Then Proposition 2.2(ii) implies that deg
(
p
βj
j
)
≥ deg
(
p
αj
j
)
and this would
complete the proof.
If βj ≥ 2, then applying Lemma 5.1 repeatedly we find that deg
(
p
βi
i p
βj
j
)
> deg
(
p
βj
j
)
.
Suppose that βj = 1. Let {k} = {1, 2, 3} \ {i, j}. We show that
(pi + pj)φ (pjpk)− pipjpk > 0. (22)
Then Lemma 5.2 implies that deg
(
p
βi
i pj
)
> deg (pj). Clearly, (22) holds using Lemma
2.1(i) if pj > 2pi. Since pj 6= 2pi, assume that pj < 2pi. We have the following two cases.
• i = 1: Since p1 ∈ {2, 3} and pj < 2p1, we have j = 2 and (p1, p2) = (2, 3) or (3, 5).
If (p1, p2) = (2, 3), then (p1 + p2)φ (p2p3) − p1p2p3 = 10φ (p3) − 6p3 = 4p3 − 10 > 0 as
p3 ≥ 5. If (p1, p2) = (3, 5), then p3 ≥ 7 and (p1 + p2)φ (p2p3)−p1p2p3 = 32φ (p3)−15p3 =
17p3 − 32 > 0.
• (i, j) = (2, 3): Here k = 1 and p3 ≥ p2 + 2. If pk = p1 = 2, then (p2 + p3)φ (p1p3) −
p1p2p3 = p
2
3 − (p2 + p3) − p2p3 = p3(p3 − p2 − 1) − p2 > 0. If pk = p1 = 3, then
(p2 + p3)φ (p1p3)− p1p2p3 = 2p
2
3 − 2 (p2 + p3)− p2p3 = p3(2p3 − p2 − 2)− 2p2 > 0.
This completes the proof.
Corollary 5.3. If p3 ≥ 2p2 + 1, then δ(P(Cn)) = deg (p
α3
3 ).
Proof. By (3), we have deg (pα22 ) − deg (p
α3
3 ) > p
α2−1
2 [(p3 − 1)φ (p
α1
1 )− p2p
α1
1 ]. Since p3 ≥
2p2+1, it follows that deg (p
α2
2 )−deg (p
α3
3 ) > p
α1−1
1 p
α2
2 (2φ(p1)− p1) ≥ 0 and so δ(P(Cn)) =
deg (pα33 ) by Theorem 1.5.
Example 5.4. Take n = 2 · 33 · 5. Then δ(P(Cn)) = deg(3
3) = 113 < 125 = deg(5). It
follows that if p3 < 2p2 + 1, then δ(P(Cn)) = deg (p
α2
2 ) < deg (p
α3
3 ) may occur.
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